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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Introduction

Introduction: Personalized PageRank (PPR)

▶ random-walk-based node proximity measure in graphs
▶ extension of PageRank, fundamental tool in graph mining
▶ many recent works in VLDB, SIGMOD, KDD...
▶ applications: local graph partitioning, graph sparsification,

node embedding, graph neural networks...

▶ we consider efficient approximation of Single-Source PPR
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Problem Formulation

Problem Formulation: Random Walks and PPR
▶ graph G = (V,E), n = |V |, m = |E|
▶ α-discounted random walk: random walk that terminates

w.p. α at each step, decay factor α ∈ (0, 1) (i.e., length of
the walk follows Geom(α))

▶ for two nodes s, t ∈ V , PPR value π(s, t) equals the
probability that an α-discounted random walk from s
terminates at t
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Problem Formulation

Problem Formulation: Single-Source PPR (SSPPR)
▶ for a source node s ∈ V , estimate π(s, t) for all t ∈ V

▶ can leave out some small π(s, t)
▶ sublinear-time complexity: o(m) dependence on m, the

algorithm may not inspect the whole graph
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Problem Formulation

Problem Formulation: Error Guarantees

Absolute Error
given source node s and error parameter ε, return estimates
π̂(s, t) such that

∣∣π̂(s, t)− π(s, t)
∣∣ ≤ ε for all t ∈ V

Degree-Normalized Absolute Error (for undirected graphs)
given source node s and error parameter εd, return estimates
π̂(s, t) such that

∣∣π̂(s, t)− π(s, t)
∣∣ ≤ εd · d(t) for all t ∈ V , where

d(t) is the degree of node t
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Problem Formulation

Motivation: Local Graph Clustering
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▶ detect a provably-good cluster near source node s
▶ PageRank-Nibble [Andersen, Chung, Lang, FOCS ’06,

Internet Math. ’07] approximates SSPPR from s and
returns nodes with large PPR values as a cluster

▶ their PPR estimates satisfy degree-normalized absolute
error guarantees
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Related Work

Related Work

▶ sublinear-time algorithms for SSPPR with absolute error
guarantees are rarely studied

▶ direct Monte Carlo sampling: Õ
(
1/ε2

)
▶ Forward Push [ACL06]:

• only on undirected graphs, O(dmax/ε), dmax denotes the
maximum degree

• O(1/εd)

▶ explained in detail later

▶ our “Efficient Algorithms for Personalized PageRank
Computation: A Survey” [TKDE ’24]
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Our Results

Our Results: Absolute Error

Directed
Graphs

Undirected
Graphs

Power-Law
Graphs

Monte Carlo Õ
(

1
ε2

)
Õ
(

1
ε2

)
Õ
(

1
ε2

)
Forward Push O

(
m
ε

)
O
(
dmax
ε

)
Õ
(
n
ε

)
Ours Õ

(√
m
ε

)
Õ
(√

dmax
ε

)
Õ
(
nγ−1/2

ε

)
▶ n,m: number of nodes/edges
▶ ε: error bound parameter
▶ dmax: maximum degree
▶ γ: exponent of the power law, γ ∈ (1/2, 1)
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Our Results

Our Results: Degree-Normalized Absolute Error

Complexity
for a given s

Average complexity
when each s ∈ V is
chosen w.p. d(s)/(2m)

Forward Push O
(

1
εd

)
O
(

1
εd

)
Ours Õ

(
1
εd

√∑
t∈V

π(s,t)
d(t)

)
Õ
(

1
εd

√
n
m

)
▶ εd: error bound parameter
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Basic Techniques

Basic Techniques: Monte Carlo Sampling

▶ simulate α-discounted random walks from s to estimate the
probability that it terminates at each node

▶ by Chernoff bound, Õ
(
1/ε2

)
complexity w.h.p.
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Basic Techniques

Forward Push [ACL06]

▶ simulates α-discounted random walk from s in a
deterministic way

▶ perform push operations to propagate and transfer
probability mass

▶ each push operation corresponds to a step in α-discounted
random walk
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Basic Techniques

Forward Push (Cont’d)
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<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1� ↵)/2
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1� ↵)/2

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1� ↵)/2
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1� ↵)/2

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="ms7PGA4v823rbTjZHThgFPvRmAM=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KomCuhELblxWsA9oQ5lMbtuhkwczN2IJWbvxV9woKOLWL3Dn3zhNu9DWAwNnzrmPmePFgiu07W+jsLC4tLxSXC2trW9sbpnbOw0VJZJBnUUiki2PKhA8hDpyFNCKJdDAE9D0hldjv3kHUvEovMVRDG5A+yHvcUZRS11zv4Nwj6kExf0Esov8mo/Vmp+lTtY1y3bFzmHNE2dKypcvJzlqXfOr40csCSBEJqhSbceO0U2pRM4EZKVOoiCmbEj70NY0pAEoN813ZtahVnyrF0l9QrRy9XdHSgOlRoGnKwOKAzXrjcX/vHaCvXM35WGcIIRssqiXCAsja5yL5XMJDMVIE8ok12+12IBKylCnV9IhOLNfnieN44pzWnFunHK1QiYokj1yQI6IQ85IlVyTGqkTRh7IE3klb8aj8Wy8Gx+T0oIx7dklf2B8/gAVPp3r</latexit>

residue = 1
<latexit sha1_base64="ms7PGA4v823rbTjZHThgFPvRmAM=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KomCuhELblxWsA9oQ5lMbtuhkwczN2IJWbvxV9woKOLWL3Dn3zhNu9DWAwNnzrmPmePFgiu07W+jsLC4tLxSXC2trW9sbpnbOw0VJZJBnUUiki2PKhA8hDpyFNCKJdDAE9D0hldjv3kHUvEovMVRDG5A+yHvcUZRS11zv4Nwj6kExf0Esov8mo/Vmp+lTtY1y3bFzmHNE2dKypcvJzlqXfOr40csCSBEJqhSbceO0U2pRM4EZKVOoiCmbEj70NY0pAEoN813ZtahVnyrF0l9QrRy9XdHSgOlRoGnKwOKAzXrjcX/vHaCvXM35WGcIIRssqiXCAsja5yL5XMJDMVIE8ok12+12IBKylCnV9IhOLNfnieN44pzWnFunHK1QiYokj1yQI6IQ85IlVyTGqkTRh7IE3klb8aj8Wy8Gx+T0oIx7dklf2B8/gAVPp3r</latexit>

residue = 1

▶ residue: probability mass to be propagated and transfered
to reserve

▶ reserve: probability mass corresponding to stopping at each
node, underestimate of PPR value

▶ repeat this push operations
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Basic Techniques

Backward Push [WAW ’07, Internet Math. ’08]

▶ estimates PPR to a target node t (Single-Target PPR)
▶ a reversed counterpart of Forward Push
▶ each pushback operation corresponds to a “reversed” step

in α-discounted random walk

<latexit sha1_base64="9xZB2E8h1cUN7G9DqylQ7jkUGfE=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25ctmAv0A4lk2ba2ExmSM4IpfQJ3LhQxK2v4hu4821Mp11o6w+Bj/8/h5xzgkQKg6777eRWVtfWN/Kbha3tnd294v5Bw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ3mzUeujYjVPY4S7ke0r0QoGEVr1bBbLLllNxNZBm8OpZvP80zVbvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctKhpx44+zQSfkxDo9EsbaPoUkc393jGlkzCgKbGVEcWAWs6n5X9ZOMbzyx0IlKXLFZh+FqSQYk+nWpCc0ZyhHFijTws5K2IBqytDepmCP4C2uvAyNs7J3UfZqXqlyDTPl4QiO4RQ8uIQK3EEV6sCAwxO8wKvz4Dw7b877rDTnzHsO4Y+cjx/Yto8r</latexit>

t
<latexit sha1_base64="9xZB2E8h1cUN7G9DqylQ7jkUGfE=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25ctmAv0A4lk2ba2ExmSM4IpfQJ3LhQxK2v4hu4821Mp11o6w+Bj/8/h5xzgkQKg6777eRWVtfWN/Kbha3tnd294v5Bw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ3mzUeujYjVPY4S7ke0r0QoGEVr1bBbLLllNxNZBm8OpZvP80zVbvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctKhpx44+zQSfkxDo9EsbaPoUkc393jGlkzCgKbGVEcWAWs6n5X9ZOMbzyx0IlKXLFZh+FqSQYk+nWpCc0ZyhHFijTws5K2IBqytDepmCP4C2uvAyNs7J3UfZqXqlyDTPl4QiO4RQ8uIQK3EEV6sCAwxO8wKvz4Dw7b877rDTnzHsO4Y+cjx/Yto8r</latexit>

t

<latexit sha1_base64="eLF+V6C31vt3IuyVUo5Hfn0vVBA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0PPk4GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFe/xG/w5t842eSgiQUNRVU33V1BIrg2rvvtrKyurW9sFraK2zu7e/ulg8OmjlPFsMFiEat2QDUKLrFhuBHYThTSKBDYCka3U7/1iErzWN6bcYJ+RAeSh5xRY6V62iuV3YqbgywTb07KN5+Qo9YrfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/yw+dkFOr9EkYK1vSkFz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhlZ9xmaQGJZstClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvIuKV/fK1etZGlCAYziBM/DgEqpwBzVoAAOEJ3iBV+fBeXbenPdZ64oznzmCP3A+fgA6Ao3y</latexit>u<latexit sha1_base64="eLF+V6C31vt3IuyVUo5Hfn0vVBA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0PPk4GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFe/xG/w5t842eSgiQUNRVU33V1BIrg2rvvtrKyurW9sFraK2zu7e/ulg8OmjlPFsMFiEat2QDUKLrFhuBHYThTSKBDYCka3U7/1iErzWN6bcYJ+RAeSh5xRY6V62iuV3YqbgywTb07KN5+Qo9YrfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/yw+dkFOr9EkYK1vSkFz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhlZ9xmaQGJZstClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvIuKV/fK1etZGlCAYziBM/DgEqpwBzVoAAOEJ3iBV+fBeXbenPdZ64oznzmCP3A+fgA6Ao3y</latexit>u

<latexit sha1_base64="XclCoJ8Ep5UbRn22rvQa7MQMcvw=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMeXE4GvHhMwCyQDKGnU5O06ekZunsCYcgXePGgiFe/xG/w5t/YWQ6a+KDg8V4VVfWCRHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIZ3U785QqV5LB/MOEE/on3JQ86osVJt1C2W3LI7A1kl3oKUbj9hhmq3+NXpxSyNUBomqNZtz02Mn1FlOBM4KXRSjQllQ9rHtqWSRqj9bHbohJxZpUfCWNmShszU3xMZjbQeR4HtjKgZ6GVvKv7ntVMTXvsZl0lqULL5ojAVxMRk+jXpcYXMiLEllClubyVsQBVlxmZTsCF4yy+vksZF2bssezWvVLmZpwF5OIFTOAcPrqAC91CFOjBAeIIXeHUenWfnzXmft+acxcwx/IHz8QM7ho3z</latexit>v<latexit sha1_base64="XclCoJ8Ep5UbRn22rvQa7MQMcvw=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMeXE4GvHhMwCyQDKGnU5O06ekZunsCYcgXePGgiFe/xG/w5t/YWQ6a+KDg8V4VVfWCRHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIZ3U785QqV5LB/MOEE/on3JQ86osVJt1C2W3LI7A1kl3oKUbj9hhmq3+NXpxSyNUBomqNZtz02Mn1FlOBM4KXRSjQllQ9rHtqWSRqj9bHbohJxZpUfCWNmShszU3xMZjbQeR4HtjKgZ6GVvKv7ntVMTXvsZl0lqULL5ojAVxMRk+jXpcYXMiLEllClubyVsQBVlxmZTsCF4yy+vksZF2bssezWvVLmZpwF5OIFTOAcPrqAC91CFOjBAeIIXeHUenWfnzXmft+acxcwx/IHz8QM7ho3z</latexit>v

<latexit sha1_base64="UYvvTS2p5ACPXzx9iy86T4I7m8o=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47tCdILHl3Y7l7eL9gR0kTgzki9lHxM8ldu5r2Yn4JEHPnLJtG44doitmCkUXMI404w0hIwPWA8ahvrMA92KJw+M6ZFROrQbKFM+0on6eyJmntYjzzWdHsO+nvcS8T+vEWH3ohULP4wQfD5d1I0kxYAmadCOUMBRjgxhXAlzK+V9phhHk1nGhODMv7xIqqdF56zo3Dj5UpFMkSYH5JAUiEPOSYlckzKpEE7G5Jm8kjfrwXqx3q2PaWvKms3skT+wPn8ATIKZ3g==</latexit>

reserve q(u, t) = 0
<latexit sha1_base64="UYvvTS2p5ACPXzx9iy86T4I7m8o=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47tCdILHl3Y7l7eL9gR0kTgzki9lHxM8ldu5r2Yn4JEHPnLJtG44doitmCkUXMI404w0hIwPWA8ahvrMA92KJw+M6ZFROrQbKFM+0on6eyJmntYjzzWdHsO+nvcS8T+vEWH3ohULP4wQfD5d1I0kxYAmadCOUMBRjgxhXAlzK+V9phhHk1nGhODMv7xIqqdF56zo3Dj5UpFMkSYH5JAUiEPOSYlckzKpEE7G5Jm8kjfrwXqx3q2PaWvKms3skT+wPn8ATIKZ3g==</latexit>

reserve q(u, t) = 0
<latexit sha1_base64="/6MGUL59H8KNP+LjFuHMnsxiHkM=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByRH2NubJEv2PtidE8ORxn+hrY2FIrb+DDv/jZuPQhMfDDzem2FmnhdLodG2v63M0vLK6lp2PbexuZXfLuzs1nWUKA41HslINT2mQYoQaihQQjNWwAJPQsMbXI39xh0oLaLwFocxuAHrhaIrOEMjdQr7bYR7TBVo4SdAR6qUnODxpd0pFO2yPQFdJM6MFCv5xzGeqp3CV9uPeBJAiFwyrVuOHaObMoWCSxjl2omGmPEB60HL0JAFoN108sCIHhnFp91ImQqRTtTfEykLtB4GnukMGPb1vDcW//NaCXYv3FSEcYIQ8umibiIpRnScBvWFAo5yaAjjSphbKe8zxTiazHImBGf+5UVSPy07Z2XnxilWymSKLDkgh6REHHJOKuSaVEmNcDIiz+SVvFkP1ov1bn1MWzPWbGaP/IH1+QM84pnU</latexit>

residue r(u, t) = 0
<latexit sha1_base64="/6MGUL59H8KNP+LjFuHMnsxiHkM=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByRH2NubJEv2PtidE8ORxn+hrY2FIrb+DDv/jZuPQhMfDDzem2FmnhdLodG2v63M0vLK6lp2PbexuZXfLuzs1nWUKA41HslINT2mQYoQaihQQjNWwAJPQsMbXI39xh0oLaLwFocxuAHrhaIrOEMjdQr7bYR7TBVo4SdAR6qUnODxpd0pFO2yPQFdJM6MFCv5xzGeqp3CV9uPeBJAiFwyrVuOHaObMoWCSxjl2omGmPEB60HL0JAFoN108sCIHhnFp91ImQqRTtTfEykLtB4GnukMGPb1vDcW//NaCXYv3FSEcYIQ8umibiIpRnScBvWFAo5yaAjjSphbKe8zxTiazHImBGf+5UVSPy07Z2XnxilWymSKLDkgh6REHHJOKuSaVEmNcDIiz+SVvFkP1ov1bn1MWzPWbGaP/IH1+QM84pnU</latexit>

residue r(u, t) = 0
<latexit sha1_base64="0el78Tb3Wr8tKVZh6dYX/pSHTYQ=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47sCnuDxpd3O5e2iPQFdJM6M5EvZxwRP5Xbuq9kJeOSBj1wyrRuOHWIrZgoFlzDONCMNIeMD1oOGoT7zQLfiyQNjemSUDu0GypSPdKL+noiZp/XIc02nx7Cv571E/M9rRNi9aMXCDyMEn08XdSNJMaBJGrQjFHCUI0MYV8LcSnmfKcbRZJYxITjzLy+S6mnROSs6N06+VCRTpMkBOSQF4pBzUiLXpEwqhJMxeSav5M16sF6sd+tj2pqyZjN75A+szx9K+Znd</latexit>

reserve q(t, t) = 0
<latexit sha1_base64="0el78Tb3Wr8tKVZh6dYX/pSHTYQ=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47sCnuDxpd3O5e2iPQFdJM6M5EvZxwRP5Xbuq9kJeOSBj1wyrRuOHWIrZgoFlzDONCMNIeMD1oOGoT7zQLfiyQNjemSUDu0GypSPdKL+noiZp/XIc02nx7Cv571E/M9rRNi9aMXCDyMEn08XdSNJMaBJGrQjFHCUI0MYV8LcSnmfKcbRZJYxITjzLy+S6mnROSs6N06+VCRTpMkBOSQF4pBzUiLXpEwqhJMxeSav5M16sF6sd+tj2pqyZjN75A+szx9K+Znd</latexit>

reserve q(t, t) = 0
<latexit sha1_base64="FdsSEuTaDZI3cTORl0wQJGzsUj0=">AAACEXicbVC7SgNBFJ31GeMramkzGIQIEnYt1EYI2FhGMA9IQpidvYmDsw9m7oph2V+wsdLvsLFQxNbOzr9xdpNCEw9cOJxz79y5x42k0Gjb39bc/MLi0nJhpbi6tr6xWdrabuowVhwaPJShartMgxQBNFCghHakgPmuhJZ7c575rVtQWoTBFY4i6PlsGIiB4AyN1C9Vugh3mCjQwouBpqqCh3hwlqv568by0sRJ+6WyXbVz0FniTEi5tvGY4aneL311vZDHPgTIJdO649gR9hKmUHAJabEba4gYv2FD6BgaMB90L8l3pnTfKB4dhMpUgDRXf08kzNd65Lum02d4rae9TPzP68Q4OO0lIohihICPFw1iSTGkWTzUEwo4ypEhjCth/kr5NVOMowmxaEJwpk+eJc2jqnNcdS6dcq1KxiiQXbJHKsQhJ6RGLkidNAgn9+SZvJI368F6sd6tj3HrnDWZ2SF/YH3+AMIroek=</latexit>

residue r(t, t) = 1
<latexit sha1_base64="FdsSEuTaDZI3cTORl0wQJGzsUj0=">AAACEXicbVC7SgNBFJ31GeMramkzGIQIEnYt1EYI2FhGMA9IQpidvYmDsw9m7oph2V+wsdLvsLFQxNbOzr9xdpNCEw9cOJxz79y5x42k0Gjb39bc/MLi0nJhpbi6tr6xWdrabuowVhwaPJShartMgxQBNFCghHakgPmuhJZ7c575rVtQWoTBFY4i6PlsGIiB4AyN1C9Vugh3mCjQwouBpqqCh3hwlqv568by0sRJ+6WyXbVz0FniTEi5tvGY4aneL311vZDHPgTIJdO649gR9hKmUHAJabEba4gYv2FD6BgaMB90L8l3pnTfKB4dhMpUgDRXf08kzNd65Lum02d4rae9TPzP68Q4OO0lIohihICPFw1iSTGkWTzUEwo4ypEhjCth/kr5NVOMowmxaEJwpk+eJc2jqnNcdS6dcq1KxiiQXbJHKsQhJ6RGLkidNAgn9+SZvJI368F6sd6tj3HrnDWZ2SF/YH3+AMIroek=</latexit>

residue r(t, t) = 1

<latexit sha1_base64="9xZB2E8h1cUN7G9DqylQ7jkUGfE=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25ctmAv0A4lk2ba2ExmSM4IpfQJ3LhQxK2v4hu4821Mp11o6w+Bj/8/h5xzgkQKg6777eRWVtfWN/Kbha3tnd294v5Bw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ3mzUeujYjVPY4S7ke0r0QoGEVr1bBbLLllNxNZBm8OpZvP80zVbvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctKhpx44+zQSfkxDo9EsbaPoUkc393jGlkzCgKbGVEcWAWs6n5X9ZOMbzyx0IlKXLFZh+FqSQYk+nWpCc0ZyhHFijTws5K2IBqytDepmCP4C2uvAyNs7J3UfZqXqlyDTPl4QiO4RQ8uIQK3EEV6sCAwxO8wKvz4Dw7b877rDTnzHsO4Y+cjx/Yto8r</latexit>

t
<latexit sha1_base64="9xZB2E8h1cUN7G9DqylQ7jkUGfE=">AAAB6HicbZDLSgMxFIbP1Futt6pLN8EiuCozCupKC25ctmAv0A4lk2ba2ExmSM4IpfQJ3LhQxK2v4hu4821Mp11o6w+Bj/8/h5xzgkQKg6777eRWVtfWN/Kbha3tnd294v5Bw8SpZrzOYhnrVkANl0LxOgqUvJVoTqNA8mYwvJ3mzUeujYjVPY4S7ke0r0QoGEVr1bBbLLllNxNZBm8OpZvP80zVbvGr04tZGnGFTFJj2p6boD+mGgWTfFLopIYnlA1pn7ctKhpx44+zQSfkxDo9EsbaPoUkc393jGlkzCgKbGVEcWAWs6n5X9ZOMbzyx0IlKXLFZh+FqSQYk+nWpCc0ZyhHFijTws5K2IBqytDepmCP4C2uvAyNs7J3UfZqXqlyDTPl4QiO4RQ8uIQK3EEV6sCAwxO8wKvz4Dw7b877rDTnzHsO4Y+cjx/Yto8r</latexit>

t

<latexit sha1_base64="eLF+V6C31vt3IuyVUo5Hfn0vVBA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0PPk4GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFe/xG/w5t842eSgiQUNRVU33V1BIrg2rvvtrKyurW9sFraK2zu7e/ulg8OmjlPFsMFiEat2QDUKLrFhuBHYThTSKBDYCka3U7/1iErzWN6bcYJ+RAeSh5xRY6V62iuV3YqbgywTb07KN5+Qo9YrfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/yw+dkFOr9EkYK1vSkFz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhlZ9xmaQGJZstClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvIuKV/fK1etZGlCAYziBM/DgEqpwBzVoAAOEJ3iBV+fBeXbenPdZ64oznzmCP3A+fgA6Ao3y</latexit>u<latexit sha1_base64="eLF+V6C31vt3IuyVUo5Hfn0vVBA=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0PPk4GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFe/xG/w5t842eSgiQUNRVU33V1BIrg2rvvtrKyurW9sFraK2zu7e/ulg8OmjlPFsMFiEat2QDUKLrFhuBHYThTSKBDYCka3U7/1iErzWN6bcYJ+RAeSh5xRY6V62iuV3YqbgywTb07KN5+Qo9YrfXX7MUsjlIYJqnXHcxPjZ1QZzgROit1UY0LZiA6wY6mkEWo/yw+dkFOr9EkYK1vSkFz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhlZ9xmaQGJZstClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvIuKV/fK1etZGlCAYziBM/DgEqpwBzVoAAOEJ3iBV+fBeXbenPdZ64oznzmCP3A+fgA6Ao3y</latexit>u

<latexit sha1_base64="XclCoJ8Ep5UbRn22rvQa7MQMcvw=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMeXE4GvHhMwCyQDKGnU5O06ekZunsCYcgXePGgiFe/xG/w5t/YWQ6a+KDg8V4VVfWCRHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIZ3U785QqV5LB/MOEE/on3JQ86osVJt1C2W3LI7A1kl3oKUbj9hhmq3+NXpxSyNUBomqNZtz02Mn1FlOBM4KXRSjQllQ9rHtqWSRqj9bHbohJxZpUfCWNmShszU3xMZjbQeR4HtjKgZ6GVvKv7ntVMTXvsZl0lqULL5ojAVxMRk+jXpcYXMiLEllClubyVsQBVlxmZTsCF4yy+vksZF2bssezWvVLmZpwF5OIFTOAcPrqAC91CFOjBAeIIXeHUenWfnzXmft+acxcwx/IHz8QM7ho3z</latexit>v<latexit sha1_base64="XclCoJ8Ep5UbRn22rvQa7MQMcvw=">AAAB6HicbVDJSgNBEK2JW4xb1KOXxiB4CjMeXE4GvHhMwCyQDKGnU5O06ekZunsCYcgXePGgiFe/xG/w5t/YWQ6a+KDg8V4VVfWCRHBtXPfbya2tb2xu5bcLO7t7+wfFw6OGjlPFsM5iEatWQDUKLrFuuBHYShTSKBDYDIZ3U785QqV5LB/MOEE/on3JQ86osVJt1C2W3LI7A1kl3oKUbj9hhmq3+NXpxSyNUBomqNZtz02Mn1FlOBM4KXRSjQllQ9rHtqWSRqj9bHbohJxZpUfCWNmShszU3xMZjbQeR4HtjKgZ6GVvKv7ntVMTXvsZl0lqULL5ojAVxMRk+jXpcYXMiLEllClubyVsQBVlxmZTsCF4yy+vksZF2bssezWvVLmZpwF5OIFTOAcPrqAC91CFOjBAeIIXeHUenWfnzXmft+acxcwx/IHz8QM7ho3z</latexit>v

<latexit sha1_base64="UYvvTS2p5ACPXzx9iy86T4I7m8o=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47tCdILHl3Y7l7eL9gR0kTgzki9lHxM8ldu5r2Yn4JEHPnLJtG44doitmCkUXMI404w0hIwPWA8ahvrMA92KJw+M6ZFROrQbKFM+0on6eyJmntYjzzWdHsO+nvcS8T+vEWH3ohULP4wQfD5d1I0kxYAmadCOUMBRjgxhXAlzK+V9phhHk1nGhODMv7xIqqdF56zo3Dj5UpFMkSYH5JAUiEPOSYlckzKpEE7G5Jm8kjfrwXqx3q2PaWvKms3skT+wPn8ATIKZ3g==</latexit>

reserve q(u, t) = 0
<latexit sha1_base64="UYvvTS2p5ACPXzx9iy86T4I7m8o=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47tCdILHl3Y7l7eL9gR0kTgzki9lHxM8ldu5r2Yn4JEHPnLJtG44doitmCkUXMI404w0hIwPWA8ahvrMA92KJw+M6ZFROrQbKFM+0on6eyJmntYjzzWdHsO+nvcS8T+vEWH3ohULP4wQfD5d1I0kxYAmadCOUMBRjgxhXAlzK+V9phhHk1nGhODMv7xIqqdF56zo3Dj5UpFMkSYH5JAUiEPOSYlckzKpEE7G5Jm8kjfrwXqx3q2PaWvKms3skT+wPn8ATIKZ3g==</latexit>

reserve q(u, t) = 0
<latexit sha1_base64="u5N/wiYf9KiszZ30w0QunCvbHCE="></latexit>

residue r(u, t) = (1� ↵)/dout(u)
<latexit sha1_base64="u5N/wiYf9KiszZ30w0QunCvbHCE="></latexit>

residue r(u, t) = (1� ↵)/dout(u)
<latexit sha1_base64="aCqDSkE12fpZNh2Y/s5lmD6aXqg=">AAACFnicbVDLSgNBEJz1bXytevQyGIQIGnY9qBch4MWjgkmEbAizk95kcPbhTG8wLPsVXtQ/8eJBEa/izb9xsvHgq6ChqOqeni4/kUKj43xYE5NT0zOzc/OlhcWl5RV7da2h41RxqPNYxurCZxqkiKCOAiVcJApY6Eto+pfHI785AKVFHJ3jMIF2yHqRCARnaKSOveshXGOmQIMaAM2vKriD20eFWrxurG6eeUwmfZZ37LJTdQrQv8T9IuXa8t0I96cd+93rxjwNIUIumdYt10mwnTGFgkvIS16qIWH8kvWgZWjEQtDtrFic0y2jdGkQK1MR0kL9PpGxUOth6JvOkGFf//ZG4n9eK8XgsJ2JKEkRIj5eFKSSYkxHGdGuUMBRDg1hXAnzV8r7TDGOJsmSCcH9ffJf0tiruvtV98wt16pkjDmyQTZJhbjkgNTICTkldcLJDXkgT+TZurUerRfrddw6YX3NrJMfsN4+ATPIpFY=</latexit>

reserve q(t, t) = ↵
<latexit sha1_base64="aCqDSkE12fpZNh2Y/s5lmD6aXqg=">AAACFnicbVDLSgNBEJz1bXytevQyGIQIGnY9qBch4MWjgkmEbAizk95kcPbhTG8wLPsVXtQ/8eJBEa/izb9xsvHgq6ChqOqeni4/kUKj43xYE5NT0zOzc/OlhcWl5RV7da2h41RxqPNYxurCZxqkiKCOAiVcJApY6Eto+pfHI785AKVFHJ3jMIF2yHqRCARnaKSOveshXGOmQIMaAM2vKriD20eFWrxurG6eeUwmfZZ37LJTdQrQv8T9IuXa8t0I96cd+93rxjwNIUIumdYt10mwnTGFgkvIS16qIWH8kvWgZWjEQtDtrFic0y2jdGkQK1MR0kL9PpGxUOth6JvOkGFf//ZG4n9eK8XgsJ2JKEkRIj5eFKSSYkxHGdGuUMBRDg1hXAnzV8r7TDGOJsmSCcH9ffJf0tiruvtV98wt16pkjDmyQTZJhbjkgNTICTkldcLJDXkgT+TZurUerRfrddw6YX3NrJMfsN4+ATPIpFY=</latexit>

reserve q(t, t) = ↵
<latexit sha1_base64="i3GGhcPuFdjkwKdQDCVetuJPc6A=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByRH2NubJEv2PtidE8ORxn+hrY2FIrb+DDv/jZuPQhMfDDzem2FmnhdLodG2v63M0vLK6lp2PbexuZXfLuzs1nWUKA41HslINT2mQYoQaihQQjNWwAJPQsMbXI39xh0oLaLwFocxuAHrhaIrOEMjdQr7bYR7TBVo4SdAR6qEJ3h8aXcKRbtsT0AXiTMjxUr+cYynaqfw1fYjngQQIpdM65Zjx+imTKHgEka5dqIhZnzAetAyNGQBaDedPDCiR0bxaTdSpkKkE/X3RMoCrYeBZzoDhn09743F/7xWgt0LNxVhnCCEfLqom0iKER2nQX2hgKMcGsK4EuZWyvtMMY4ms5wJwZl/eZHUT8vOWdm5cYqVMpkiSw7IISkRh5yTCrkmVVIjnIzIM3klb9aD9WK9Wx/T1ow1m9kjf2B9/gA7WZnT</latexit>

residue r(t, t) = 0
<latexit sha1_base64="i3GGhcPuFdjkwKdQDCVetuJPc6A=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByRH2NubJEv2PtidE8ORxn+hrY2FIrb+DDv/jZuPQhMfDDzem2FmnhdLodG2v63M0vLK6lp2PbexuZXfLuzs1nWUKA41HslINT2mQYoQaihQQjNWwAJPQsMbXI39xh0oLaLwFocxuAHrhaIrOEMjdQr7bYR7TBVo4SdAR6qEJ3h8aXcKRbtsT0AXiTMjxUr+cYynaqfw1fYjngQQIpdM65Zjx+imTKHgEka5dqIhZnzAetAyNGQBaDedPDCiR0bxaTdSpkKkE/X3RMoCrYeBZzoDhn09743F/7xWgt0LNxVhnCCEfLqom0iKER2nQX2hgKMcGsK4EuZWyvtMMY4ms5wJwZl/eZHUT8vOWdm5cYqVMpkiSw7IISkRh5yTCrkmVVIjnIzIM3klb9aD9WK9Wx/T1ow1m9kjf2B9/gA7WZnT</latexit>

residue r(t, t) = 0

<latexit sha1_base64="mNzAmDJ1pGPSxbJOYSuhMGekPW4=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47vC8ASPL+12Lm8X7QnoInFmJF/KPiZ4KrdzX81OwCMPfOSSad1w7BBbMVMouIRxphlpCBkfsB40DPWZB7oVTx4Y0yOjdGg3UKZ8pBP190TMPK1Hnms6PYZ9Pe8l4n9eI8LuRSsWfhgh+Hy6qBtJigFN0qAdoYCjHBnCuBLmVsr7TDGOJrOMCcGZf3mRVE+LzlnRuXHypSKZIk0OyCEpEIeckxK5JmVSIZyMyTN5JW/Wg/VivVsf09aUNZvZI39gff4ATguZ3w==</latexit>

reserve q(v, t) = 0
<latexit sha1_base64="mNzAmDJ1pGPSxbJOYSuhMGekPW4=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47vC8ASPL+12Lm8X7QnoInFmJF/KPiZ4KrdzX81OwCMPfOSSad1w7BBbMVMouIRxphlpCBkfsB40DPWZB7oVTx4Y0yOjdGg3UKZ8pBP190TMPK1Hnms6PYZ9Pe8l4n9eI8LuRSsWfhgh+Hy6qBtJigFN0qAdoYCjHBnCuBLmVsr7TDGOJrOMCcGZf3mRVE+LzlnRuXHypSKZIk0OyCEpEIeckxK5JmVSIZyMyTN5JW/Wg/VivVsf09aUNZvZI39gff4ATguZ3w==</latexit>

reserve q(v, t) = 0
<latexit sha1_base64="XdyCSLFEUVSNB4ifCEuqvp94Hww="></latexit>

residue r(v, t) = (1� ↵)/dout(v)
<latexit sha1_base64="XdyCSLFEUVSNB4ifCEuqvp94Hww="></latexit>

residue r(v, t) = (1� ↵)/dout(v)

<latexit sha1_base64="mNzAmDJ1pGPSxbJOYSuhMGekPW4=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47vC8ASPL+12Lm8X7QnoInFmJF/KPiZ4KrdzX81OwCMPfOSSad1w7BBbMVMouIRxphlpCBkfsB40DPWZB7oVTx4Y0yOjdGg3UKZ8pBP190TMPK1Hnms6PYZ9Pe8l4n9eI8LuRSsWfhgh+Hy6qBtJigFN0qAdoYCjHBnCuBLmVsr7TDGOJrOMCcGZf3mRVE+LzlnRuXHypSKZIk0OyCEpEIeckxK5JmVSIZyMyTN5JW/Wg/VivVsf09aUNZvZI39gff4ATguZ3w==</latexit>

reserve q(v, t) = 0
<latexit sha1_base64="mNzAmDJ1pGPSxbJOYSuhMGekPW4=">AAACAHicbVA9SwNBEN2LXzFqjFpY2CwGIYKEOwu1EQI2lhHMByQh7G0myZK9D3fnguFI47/Q1sZCEVt/hp3/xr0khSY+GHi8N8PMPDeUQqNtf1uppeWV1bX0emZjcyu7ndvZreogUhwqPJCBqrtMgxQ+VFCghHqogHmuhJo7uEr82hCUFoF/i6MQWh7r+aIrOEMjtXP7TYR7jBVoUEOg47vC8ASPL+12Lm8X7QnoInFmJF/KPiZ4KrdzX81OwCMPfOSSad1w7BBbMVMouIRxphlpCBkfsB40DPWZB7oVTx4Y0yOjdGg3UKZ8pBP190TMPK1Hnms6PYZ9Pe8l4n9eI8LuRSsWfhgh+Hy6qBtJigFN0qAdoYCjHBnCuBLmVsr7TDGOJrOMCcGZf3mRVE+LzlnRuXHypSKZIk0OyCEpEIeckxK5JmVSIZyMyTN5JW/Wg/VivVsf09aUNZvZI39gff4ATguZ3w==</latexit>

reserve q(v, t) = 0
<latexit sha1_base64="6J4ESBRpOokbCRorpasCSpk4qBI=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgRJCwa6E2QsDGMoJ5QLKE2dmbZMjsg5m7wbCk8S+0tbFQxNbPsPNvnDwKTTxw4XDOvdx7jxdLodG2v63M0vLK6lp2PbexubW9k9/dq+koURyqPJKRanhMgxQhVFGghEasgAWehLrXvx779QEoLaLwDocxuAHrhqIjOEMjtfMHLYR7TBVo4SdAR6o4OMWTK7udL9glewK6SJwZKZS3H8d4qrTzXy0/4kkAIXLJtG46doxuyhQKLmGUayUaYsb7rAtNQ0MWgHbTyQMjemwUn3YiZSpEOlF/T6Qs0HoYeKYzYNjT895Y/M9rJti5dFMRxglCyKeLOomkGNFxGtQXCjjKoSGMK2FupbzHFONoMsuZEJz5lxdJ7azknJecW6dQLpEpsuSQHJEiccgFKZMbUiFVwsmIPJNX8mY9WC/Wu/Uxbc1Ys5l98gfW5w8+a5nV</latexit>

residue r(v, t) = 0
<latexit sha1_base64="6J4ESBRpOokbCRorpasCSpk4qBI=">AAACAHicbVC7SgNBFJ2NrxhfUQsLm8EgRJCwa6E2QsDGMoJ5QLKE2dmbZMjsg5m7wbCk8S+0tbFQxNbPsPNvnDwKTTxw4XDOvdx7jxdLodG2v63M0vLK6lp2PbexubW9k9/dq+koURyqPJKRanhMgxQhVFGghEasgAWehLrXvx779QEoLaLwDocxuAHrhqIjOEMjtfMHLYR7TBVo4SdAR6o4OMWTK7udL9glewK6SJwZKZS3H8d4qrTzXy0/4kkAIXLJtG46doxuyhQKLmGUayUaYsb7rAtNQ0MWgHbTyQMjemwUn3YiZSpEOlF/T6Qs0HoYeKYzYNjT895Y/M9rJti5dFMRxglCyKeLOomkGNFxGtQXCjjKoSGMK2FupbzHFONoMsuZEJz5lxdJ7azknJecW6dQLpEpsuSQHJEiccgFKZMbUiFVwsmIPJNX8mY9WC/Wu/Uxbc1Ys5l98gfW5w8+a5nV</latexit>

residue r(v, t) = 0
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Basic Techniques

Backward Push (Cont’d)

▶ set a threshold rmax and repeatedly perform pushback
operations until all residues r(v, t) ≤ rmax

▶ upon completion, the reserves satisfy
π(v, t)− rmax ≤ q(v, t) ≤ π(v, t) (absolute error guarantees!)
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Our Algorithms

Our Algorithms: High-Level Ideas

▶ mainly consider absolute error. our algorithm for
degree-normalized error shares the same framework

▶ Monte Carlo and Forward Push inherently incur larger
errors for nodes with larger PPR values or degrees

▶ we can use Backward Push to reduce errors for these
hard-case nodes

▶ Backward Push can be combined with Monte Carlo to
reduce cost: the goal of random walk sampling shifts from
hitting t to hitting nodes explored by Backward Push
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Approximating Single-Source Personalized PageRank with Absolute Error Guarantees
Our Algorithms

Our Algorithms: High-Level Ideas (Cont’d)

<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s
<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t
<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t

<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v<latexit sha1_base64="vep7J2D0YQO5avca6G/pRFJmv+M=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuplBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0P/NbY1Sax/LRTBL0IzqQPOSMGivVx71S2a24c5BV4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4LTYTTUmlI3oADuWShqh9rP5oVNybpU+CWNlSxoyV39PZDTSehIFtjOiZqiXvZn4n9dJTXjrZ1wmqUHJFovCVBATk9nXpM8VMiMmllCmuL2VsCFVlBmbTdGG4C2/vEqalxXvuuLVr8rVuzyOApzCGVyABzdQhQeoQQMYIDzDK7w5T86L8+58LFrXnHzmBP7A+fwB5SmNAA==</latexit>v

Backward Push

random walk sampling increases the estimate for π(s, t) as long
as it hits the intermediate nodes explored by Backward Push
from t
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Our Algorithms: High-Level Ideas (Cont’d)

▶ however, performing “deep” Backward Push for each node
is prohibitively costly and unnecessary

▶ we need to:
(1) only conduct Backward Push for a small number of nodes
(2) only conduct “deep” Backward Push for hard-case nodes

▶ for (1), using Monte Carlo to detect the nodes t with
π(s, t) > ε only requires Õ(1/ε) time

▶ for (2), we wish to set rmax(t) smaller for nodes t with
larger PPR values

• a straightforward way is to set rmax(t) inversely
proportional to π(s, t)

• dilemma: π(s, t) are what we want to estimate
• workaround: rough Monte Carlo estimates suffice
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Our Algorithms: Process

▶ Phase I: run Monte Carlo to detect candidate nodes and
obtain rough PPR estimates, takes Õ(1/ε) time

<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s
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Our Algorithms: Process (Cont’d)

▶ Phase II: run Backward Push for candidate nodes, where
rmax(t) are set inversely propotional to Monte Carlo
estimates for π(s, t)

▶ Phase III: perform Monte Carlo simulations again and
combine the results with Backward Push, yielding final
estimates
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Our Algorithms: Analysis of Error Guarantees

▶ Backward Push for node t expresses π(s, t) as
q(s, t) +

∑
v∈V π(s, v)r(v, t)

▶ use Monte Carlo to estimate π(s, v) therein
▶ as r(v, t) ≤ rmax(t), this leads to a low-variance estimator
▶ by Chebyshev’s inequality, it suffices to set rmax(t) =

ε2·nr
π(s,t) ,

where nr denotes the number of random walk samplings in
Phase III
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Our Algorithms: Analysis of Complexity
▶ complexity of Backward Push for node t is

O

(∑
v∈V π(v, t)din(v)

rmax(t)

)
▶ plugging in rmax(t) =

ε2·nr
π(s,t) leads to a total complexity of

Õ

(
1

ε2nr

∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v) + nr

)

▶ setting nr to balance the two terms leads to

Õ

1

ε

√∑
t∈V

π(s, t)
∑
v∈V

π(v, t)din(v)
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Our Algorithms: Analysis of Complexity (Cont’d)

▶ this complexity can be bounded by Õ
(√

m/ε
)

▶ on undirected graphs, it can be further bounded by
Õ
(√

dmax/ε
)
, using a symmetry property of PPR

▶ if we assume PPR values follow a power law, it can be
bounded by Õ

(
nγ−1/2/ε

)
, γ ∈ (1/2, 1)

▶ subtlety: we do not know the best setting of nr beforehand,
but can use a doubling technique to achieve these bounds

▶ for degree-normalized error, we set rmax(t) =
(
d(t)

)2 · ε2d·nr

π(s,t)
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Conclusions

▶ we combine Monte Carlo and Backward Push to improve
the upper bounds of approximating Single-Source
Personalized PageRank with (degree-normalized) absolute
error guarantees

▶ e.g., on undirected graphs
• O(dmax/ε) ⇒ Õ

(√
dmax/ε

)
for absolute error

• O(1/εd) ⇒ Õ
(
1/εd ·

√
n/m

)
for degree-normalized error
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Future Directions

▶ tighten the upper bounds and/or lower bounds
• nontrivial lower bounds?

▶ apply our algorithm for degree-normalized error to local
graph clustering
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Thank you!
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