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Background: Nearly-Linear-Time Laplacian/SDD Solvers

solving system of linear equations is a fundamental problem

solvers for special classes of systems have been extensively studied

breakthrough: nearly-linear-time solvers for Laplacian / symmetric diagonally dominant
(SDD) systems [Spielman-Teng ’04]

=⇒ Laplacian Paradigm
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Background: Laplacian/SDD Systems

1

2

3

4

graph Laplacian LG = DG −AG

DG: diagonal degree matrix, AG: adjacency matrix

an example Laplacian system:
3 −1 −1 −1
−1 2 −1 0
−1 −1 2 0
−1 0 0 1



x(1)
x(2)
x(3)
x(4)

 =


b(1)
b(2)
b(3)
b(4)


an example symmetric diagonally dominant (SDD) system:

3 0 1 −0.5
0 2 −1 0
1 −1 2 0

−0.5 0 0 1



x(1)
x(2)
x(3)
x(4)

 =


b(1)
b(2)
b(3)
b(4)


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Background: Nearly-Linear-Time RDD/CDD Solvers

generalization to nearly-linear-time row/column diagonally dominant (RDD/CDD) solvers
[CKPPSV ’16] [CKKPPRS ’18]

an example RDD system: 4 −2 2
1 3 −1
−1 0 2

x(1)
x(2)
x(3)

 =

b(1)
b(2)
b(3)


CDD systems are defined in the natural column-wise way
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Sublinear-Time Solvers

[Andoni-Krauthgamer-Pogrow, ITCS ’19]: algorithm for solving a single entry of
“well-conditioned” SDD systems in sublinear time

a natural question: can we solve RDD/CDD systems in sublinear time?

our answer: yes for “well-structured” RDD/CDD systems

• provided that we properly characterize what it means by “well-structured”
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Problem Formulation

for an RDD/CDD system Mx = b where M ∈ Rn×n and b ∈ range(M)

given standard oracle access to M, b, and t

our goal: compute an approximation of t⊤x∗

where x∗ is a particular solution to the system determined by M and b

examples: single-pair Personalized PageRank and effective resistance on graphs
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Main Contributions

1 generalization of the formulation and results in [AKP19] to RDD/CDD systems, via
generalizing spectral gap to a novel concept called maximum p-norm gap

2 more complexity upper bounds by adapting techniques for local graph algorithms:
random-walk sampling, local push, and bidirectional method

a general and unified framework for understanding local solvers and graph algorithms
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Power Series Expansion of x∗

we decompose M as M = DM −AM, with DM being the diagonal part

for certain types of M, we have

Mx = b ⇐⇒
(
I−D−1

MAM

)
x = D−1

M b ⇐⇒ x =

∞∑
ℓ=0

(
D−1

MAM

)ℓ
D−1

M b

to guarantee convergence for general RDD/CDD M, we choose

x∗ :=
1

2

∞∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

Theorem (Property of x∗)

1 x∗ is well-defined and satisfies Mx∗ = b;

2 if M is SDD, then x∗ = D
−1/2
M

(
D

−1/2
M MD

−1/2
M

)+
D

−1/2
M b, matching [AKP19].
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Truncated Power Series

x∗ :=
1

2

∞∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

for a truncation parameter L (to be determined later), we approximate x∗ by

x∗
L :=

1

2

L−1∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

we need to upper bound
∣∣t⊤x∗

L − t⊤x∗∣∣ ≤ ε in terms of some quantity of M
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p-Norm Gaps: Intuition

x∗ :=
1

2

∞∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

intuitively, stronger diagonal dominance of M implies faster convergence

if M is RDD, consider 1−
∥∥D−1

MAM

∥∥
∞ = minj∈[n]

{
M(j,j)−

∑
k ̸=j |M(j,k)|

M(j,j)

}
≥ 0

if M is CDD, the quantity is 1−
∥∥AMD−1

M

∥∥
1
≥ 0

this hints us to consider the quantity 1−
∥∥∥D−1/q

M AMD
−1/p
M

∥∥∥
p

• p ∈ [1,∞], 1/p+ 1/q = 1

however, this quantity can be zero, making it useless
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p-Norm Gaps

we define the p-norm gap of M as

γp(M) := 1−

∥∥∥∥∥∥ 12
(
I+D

−1/q
M AMD

−1/p
M

)∣∣∣∣
range

(
I−D

−1/q
M AMD

−1/p
M

)
∥∥∥∥∥∥
p

,

where p ∈ [1,∞], 1/p+ 1/q = 1

maximum p-norm gap: γmax(M) := maxp∈[1,∞] γp(M)

Theorem (Maximum p-Norm Gap)

1 If M is RDD/CDD, then 0 < γmax(M) ≤ 1;

2 if M is SDD, then γmax(M) = γ2(M) = γ(M), the spectral gap of M.
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Truncation Error in Terms of the Maximum p-Norm Gap

Theorem (Truncation Error Bound)

Suppose 0 < γ ≤ γmax(M). To ensure that
∣∣t⊤x∗

L − t⊤x∗∣∣ ≤ ε, it suffices to set

L := Θ̃

(
1

γ

)
.

our formulation reduces to that in [AKP19] when M is SDD
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Interpreting PageRank Computation

Personalized PageRank vector: πG,α,s = αs+ (1− α)A⊤
GD

−1
G πG,α,s

• α ∈ (0, 1) is the decay factor
• s is the source probability distribution
• DG is the diagonal outdegree matrix

equivalently,
(
DG − (1− α)A⊤

G

) (
D−1

G πG,α,s

)
= αs

DG − (1− α)A⊤
G is invertible CDD and is SDD for undirected G

1
2α lower bounds the maximum p-norm gap of DG − (1− α)A⊤

G
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Interpreting Effective Resistance Computation

s t

u
1
w1

1
w2

1
w3

RG(s, t)

consider connected undirected graph G

effective resistance RG(s, t) = (es − et)
⊤L+

G(es − et)

when M = LG, b = t = es − et in our framework, t⊤x∗ = RG(s, t)

LG is SDD

γmax(LG) = γ(LG), the spectral gap
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Random-Walk Sampling (1/2)

we aim to estimate:

t⊤x∗
L =

1

2
t⊤

L−1∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

when M is RDD, 1
2

(
I+D−1

M |AM|
)
is row substochastic

we can estimate the quantity by sampling random walks of length ℓ ∈ [0, L− 1]

the random walk starts from distribution |t|/∥t∥1 and transitions via 1
2

(
I+D−1

M |AM|
)
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Random-Walk Sampling (2/2)

using the Hoeffding bound, we prove:

Theorem

Suppose M is RDD and we are given 0 < γ ≤ γmax(M).

Suppose we can simulate one step of the random walk in O(1) time.

Then there exists a randomized algorithm that computes an estimate x̂ such that
Pr
{∣∣x̂− t⊤x∗∣∣ ≤ ε

∥∥D−1
M b
∥∥
∞
}
≥ 3

4 in time

Õ
(
∥t∥21γ−3ε−2

)
.

this generalizes the algorithmic result in [AKP19] for SDD systems

[AKP19] proves a complexity lower bound of Ω̃
(
1/γmax(M)2

)
we prove a complexity lower bound of Ω(1/ε)
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Counterparts for CDD Systems

we have

t⊤x∗
L =

1

2
t⊤

L−1∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

=
1

2
b⊤

L−1∑
ℓ=0

(
1

2

(
I+D−1

MA⊤
M

))ℓ

D−1
M t

if M is CDD, 1
2

(
I+D−1

M

∣∣A⊤
M

∣∣) is row substochastic

results for RDD systems can be adapted to CDD ones by swapping the roles of b and t
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Local Push: Forward Push for PageRank

push operation [Andersen-Chung-Lang ’06] for computing single-source PageRank:

<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s <latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s
<latexit sha1_base64="dd35lcZjiuJLXTro0wwdSCWYKQc=">AAACD3icbVC7SgNBFJ31GeNr1dJmMShWYVdBbcSAjWUE84BkCbOzN8mQ2Qczd4Nh2T+w8Ve0sFDE1tbOv3GySaGJBwbOnHMfM8eLBVdo29/GwuLS8spqYa24vrG5tW3u7NZVlEgGNRaJSDY9qkDwEGrIUUAzlkADT0DDG1yP/cYQpOJReIejGNyA9kLe5YyiljrmURvhHlMJCuQQssv8mo/Vmp+lbSriPs06Zsku2zmseeJMSenq+TRHtWN+tf2IJQGEyARVquXYMboplciZgKzYThTElA1oD1qahjQA5ab54sw61IpvdSOpT4hWrv7uSGmg1CjwdGVAsa9mvbH4n9dKsHvhpjyME4SQTRZ1E2FhZI3DsXwugaEYaUKZ5PqtFutTSRnqCIs6BGf2y/OkflJ2zsrOrVOqlMkEBbJPDsgxccg5qZAbUiU1wsgDeSKv5M14NF6Md+NjUrpgTHv2yB8Ynz9+B6BZ</latexit>

reserve = ↵
<latexit sha1_base64="dd35lcZjiuJLXTro0wwdSCWYKQc=">AAACD3icbVC7SgNBFJ31GeNr1dJmMShWYVdBbcSAjWUE84BkCbOzN8mQ2Qczd4Nh2T+w8Ve0sFDE1tbOv3GySaGJBwbOnHMfM8eLBVdo29/GwuLS8spqYa24vrG5tW3u7NZVlEgGNRaJSDY9qkDwEGrIUUAzlkADT0DDG1yP/cYQpOJReIejGNyA9kLe5YyiljrmURvhHlMJCuQQssv8mo/Vmp+lbSriPs06Zsku2zmseeJMSenq+TRHtWN+tf2IJQGEyARVquXYMboplciZgKzYThTElA1oD1qahjQA5ab54sw61IpvdSOpT4hWrv7uSGmg1CjwdGVAsa9mvbH4n9dKsHvhpjyME4SQTRZ1E2FhZI3DsXwugaEYaUKZ5PqtFutTSRnqCIs6BGf2y/OkflJ2zsrOrVOqlMkEBbJPDsgxccg5qZAbUiU1wsgDeSKv5M14NF6Md+NjUrpgTHv2yB8Ynz9+B6BZ</latexit>

reserve = ↵
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1 � ↵)/2
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1 � ↵)/2

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1 � ↵)/2
<latexit sha1_base64="PDBclENmwFYXzxzXmV7Pao7ErX0=">AAACFXicbVDLSgMxFM34rFVr1aWbwSJU0DrThboRCm5cVrAPaEvJZG7b0MyD5I5YhvkJN6Jf4saFIm4Fd/6N6bQLbT0QODnnPpLjhIIrtKxvY2FxaXllNbOWXd/YzG3lt3fqKogkgxoLRCCbDlUguA815CigGUqgniOg4Qwvx37jFqTigX+DoxA6Hu37vMcZRS1180dthDuMJSjuRpBcpNd0rNbcJC7ax20qwgE9PCkn3XzBKlkpzHliT0mhknsc46nazX+13YBFHvjIBFWqZVshdmIqkTMBSbYdKQgpG9I+tDT1qQeqE6frE/NAK67ZC6Q+Ppqp+rsjpp5SI8/RlR7FgZr1xuJ/XivC3nkn5n4YIfhssqgXCRMDcxyR6XIJDMVIE8ok12812YBKylAHmdUh2LNfnif1csk+LdnXdqFSIhNkyB7ZJ0VikzNSIVekSmqEkXvyTF7Jm/FgvBjvxsekdMGY9uySPzA+fwCeEqNb</latexit>

residue = (1 � ↵)/2

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0

<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="2gs4ASpBCqAHt940q8OLMpAaGUw=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmM2mXbj7YnRRL6D/x4kERr/0n3vw3btMetPXBwOO9GWbm+angCh3n2yitrW9sbpW3Kzu7e/sH5uFRUyWZZNBgiUhk26cKBI+hgRwFtFMJNPIFtPzh/cxvjUAqnsRPOE7Bi2g/5iFnFLXUM80uwjPmEhQPMpjcOj2z6thOAWuVuAtSvZteFqj3zK9ukLAsghiZoEp1XCdFL6cSORMwqXQzBSllQ9qHjqYxjUB5eXH5xDrTSmCFidQVo1WovydyGik1jnzdGVEcqGVvJv7ndTIMb7ycx2mGELP5ojATFibWLAYr4BIYirEmlEmub7XYgErKUIdV0SG4yy+vkuaF7V7Z7qNbrdlkjjI5IafknLjkmtTIA6mTBmFkRF7IG3k3cuPV+DA+560lYzFzTP7AmP4AsLKV1Q==</latexit>

residue = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="9k/CdAf3+JnQX1oh81GD2YDzBMQ=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BIvgKSQK6kUsePFYwX5AG8pmO22XbjZhd1Isof/EiwdFvPafePPfuE170NYHA4/3ZpiZFyaCa/S8b6uwtr6xuVXcLu3s7u0f2IdHdR2nikGNxSJWzZBqEFxCDTkKaCYKaBQKaITD+5nfGIHSPJZPOE4giGhf8h5nFI3Use02wjNmCjSoEUxuvY5d9lwvh7NK/AUp300vc1Q79le7G7M0AolMUK1bvpdgkFGFnAmYlNqphoSyIe1Dy1BJI9BBll8+cc6M0nV6sTIl0cnV3xMZjbQeR6HpjCgO9LI3E//zWin2boKMyyRFkGy+qJcKB2NnFoPT5QoYirEhlClubnXYgCrK0IRVMiH4yy+vkvqF61+5/qNfrrhkjiI5IafknPjkmlTIA6mSGmFkRF7IG3m3MuvV+rA+560FazFzTP7Amv4AwZCV4A==</latexit>

reserve = 0
<latexit sha1_base64="ms7PGA4v823rbTjZHThgFPvRmAM=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KomCuhELblxWsA9oQ5lMbtuhkwczN2IJWbvxV9woKOLWL3Dn3zhNu9DWAwNnzrmPmePFgiu07W+jsLC4tLxSXC2trW9sbpnbOw0VJZJBnUUiki2PKhA8hDpyFNCKJdDAE9D0hldjv3kHUvEovMVRDG5A+yHvcUZRS11zv4Nwj6kExf0Esov8mo/Vmp+lTtY1y3bFzmHNE2dKypcvJzlqXfOr40csCSBEJqhSbceO0U2pRM4EZKVOoiCmbEj70NY0pAEoN813ZtahVnyrF0l9QrRy9XdHSgOlRoGnKwOKAzXrjcX/vHaCvXM35WGcIIRssqiXCAsja5yL5XMJDMVIE8ok12+12IBKylCnV9IhOLNfnieN44pzWnFunHK1QiYokj1yQI6IQ85IlVyTGqkTRh7IE3klb8aj8Wy8Gx+T0oIx7dklf2B8/gAVPp3r</latexit>

residue = 1
<latexit sha1_base64="ms7PGA4v823rbTjZHThgFPvRmAM=">AAACCnicbVDLSsNAFJ3UV62vqEs30SK4KomCuhELblxWsA9oQ5lMbtuhkwczN2IJWbvxV9woKOLWL3Dn3zhNu9DWAwNnzrmPmePFgiu07W+jsLC4tLxSXC2trW9sbpnbOw0VJZJBnUUiki2PKhA8hDpyFNCKJdDAE9D0hldjv3kHUvEovMVRDG5A+yHvcUZRS11zv4Nwj6kExf0Esov8mo/Vmp+lTtY1y3bFzmHNE2dKypcvJzlqXfOr40csCSBEJqhSbceO0U2pRM4EZKVOoiCmbEj70NY0pAEoN813ZtahVnyrF0l9QrRy9XdHSgOlRoGnKwOKAzXrjcX/vHaCvXM35WGcIIRssqiXCAsja5yL5XMJDMVIE8ok12+12IBKylCnV9IhOLNfnieN44pzWnFunHK1QiYokj1yQI6IQ85IlVyTGqkTRh7IE3klb8aj8Wy8Gx+T0oIx7dklf2B8/gAVPp3r</latexit>

residue = 1

iteratively perform push operations until all residues are small

reserves serve as the estimate for πG,α,es

residues capture the approximation error through an invariant equation
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The Algebraic Push Primitive

x∗
L =

1

2

L−1∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

Push initializes residues as D−1
M b

propagates residues via 1
2

(
I+D−1

MAM

)
if M is RDD, Push admits closed-form accuracy guarantee

if M is CDD, Push admits closed-form complexity bound

for RCDD systems, Push admits both accuracy and complexity bounds
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The Bidirectional Method (1/2)

BiPPR [Lofgren-Banerjee-Goel ’16] for estimating πG,α,es(t)

<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t
<latexit sha1_base64="1zl72Czq56gGbnw0wzZF3NT/n8c=">AAAB6HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2J0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzfz2E2gjYvWAkwT8iA2VCAVnaKUG9ssVt+rOQVeJl5MKyVHvl796g5inESjkkhnT9dwE/YxpFFzCtNRLDSSMj9kQupYqFoHxs/mhU3pmlQENY21LIZ2rvycyFhkziQLbGTEcmWVvJv7ndVMMb/xMqCRFUHyxKEwlxZjOvqYDoYGjnFjCuBb2VspHTDOONpuSDcFbfnmVtC6q3lXVa1xWard5HEVyQk7JOfHINamRe1InTcIJkGfySt6cR+fFeXc+Fq0FJ585Jn/gfP4A4iGM/g==</latexit>

t

1. Backward Push from t

2. Random walk from s

<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s<latexit sha1_base64="vsDpfYbw0s5cDF7qjMYBdSqobT4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzU0P1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5oVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTcmG4C2/vEpaF1Xvquo1Liu12zyOIpzAKZyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFoLTj5zDH/gfP4A4J2M/Q==</latexit>s

23 / 26



The Bidirectional Method (2/2)

we aim to estimate:

t⊤x∗
L =

1

2
t⊤

L−1∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ

D−1
M b

the invariant property of Push implies that

t⊤x∗
L − 1

2
t⊤

(
L−1∑
ℓ=0

p(ℓ) + r(L−1)

)

=
1

2
t⊤

L−1∑
ℓ=0

(
1

2

(
I+D−1

MAM

))ℓ
min(L−ℓ−1,L−2)∑

ℓ′=0

r(ℓ
′)


when M is RDD, we can sample random walks to estimate this difference

method: Push from D−1
M b + random-walk sampling from t + parameter balancing
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Conclusions and Open Problems

Conclusions

“well-structured” RDD/CDD systems can be solved in sublinear time

this general framework unifies sublinear SDD solvers and local graph algorithms for
PageRank / effective resistance estimation

Open Problems

bridge the gaps between upper and lower bounds

relate the p-norm gaps to combinatorial properties

find more applications of sublinear RDD/CDD solvers

Thank you!
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